A small drop that splashes into a deep liquid sometimes reappears as a small rising jet, for example when a water drop splashes into a pool or when coffee drips into a cup. Here we describe that the growing and rising jet continuously redistributes its fluid to maintain a universal shape originating from a surface tension based deceleration of the jet; the shape is universal in the sense that the shape of the rising jet is the same at all times; only the scaling depends on fluid parameters and deceleration. An inviscid equation of motion for the jet is proposed assuming a time dependent but uniform deceleration; the equation of motion is made dimensionless by using a generalised time dependent capillary length λ c and is solved numerically. As a solution a concave shape function is found that is fully determined by three measurable physical parameters: deceleration, mass density and surface tension; it is found that the surface tension based deceleration of the jet scales quadratic with the size of the jet base. Deceleration values derived from the jet shape are in good agreement with deceleration values calculated from the time plot of the height of the rising jet.
Abstract:
A small drop that splashes into a deep liquid sometimes reappears as a small rising jet, for example when a water drop splashes into a pool or when coffee drips into a cup. Here we describe that the growing and rising jet continuously redistributes its fluid to maintain a universal shape originating from a surface tension based deceleration of the jet; the shape is universal in the sense that the shape of the rising jet is the same at all times; only the scaling depends on fluid parameters and deceleration. An inviscid equation of motion for the jet is proposed assuming a time dependent but uniform deceleration; the equation of motion is made dimensionless by using a generalised time dependent capillary length λ c and is solved numerically. As a solution a concave shape function is found that is fully determined by three measurable physical parameters: deceleration, mass density and surface tension; it is found that the surface tension based deceleration of the jet scales quadratic with the size of the jet base. Deceleration values derived from the jet shape are in good agreement with deceleration values calculated from the time plot of the height of the rising jet.
The scientific history of rising jets starts in the 19th century [1, 2] when A.M. Worthington observed that small liquid jets are formed after impact of a small falling object in water. Numerous studies on this phenomenon have been carried out since [3] [4] [5] [6] [7] , focusing mainly on different fluid responses when a small object or droplet hits the water surface; for example coalescence, crown splashing and central jet formation [3, [8] [9] [10] [11] [12] . With respect to jet formation Gekle et al. [10] showed with numerical simulations that the jet acquires an upward momentum in a relatively small upward acceleration region located around the jet base due to implosion of a cavity created after drop impact. In further work [4] two more jet regions were distinguished: a long ballistic region, where fluid moves with a constant velocity and a jet tip region where surface tension and breakup effects dominate. The evolution and shape of such a jet was described by considering a radial dependent initial velocity profile (line of sinks) at the base of the jet [4, 10] . In the present paper we find that the growing and rising jet continuously redistributes its fluid to maintain a universal shape originating from a surface tension based deceleration of the jet. We do not need any assumption about the initial fluid velocity distribution.
The physical process is illustrated in Fig.1a , where snapshots taken from a coffee jet are shown at times between 3 ms and 20 ms after the outburst of the jet. The ballistic region is the region below the jet tip region where droplet formation is initiated. The varying height H(t) of the tip of the jet is given in Fig.1b and the deceleration a(t), being the second time derivative of the height plot (a(t)≡ − 2 ( )/ 2 ), is depicted with black dots in Fig.1c . The jet deceleration a(t) drops quickly from 100-200 m/s 2 to a value of about 20 m/s 2 after 15-20 ms, a value well above the gravitational constant (g=9.81m/s 2 ). Besides gravity the jet will experience a surface tension based deceleration pulling the jet back to the liquid surface; the total deceleration a(t) can then be considered as a sum of two parts a(t)=d(t)+g with d(t) the surface tension based deceleration. We will show that d(t) is a shape parameter determining both shape and absolute size of the jet. The blue diamonds in Fig. 1c display a=d+g as a function of time. After deriving the relevant equations we will discuss in detail how the blue diamonds are found from the experimental data. The agreement between black dots and blue diamonds strongly supports our simple model.
The main points of the paper are: (1) a new physical equation of motion for a rising jet derived from Newton's laws, (2) a universal function for the concave shape of a rising jet deduced from this equation, using mass density and surface tension as physical parameters, (3) deceleration a(t)=d(t)+g as the only time dependent parameter determining the absolute size and shape of the jet, (4) verification that the universal function describes the shape of rising jets and (5) check that deceleration values a(t) from the tip heights and from the time dependent shape parameter d(t) match with each other both for small and large jets. Note in Fig.1a that for all snapshots between 3 and 20 ms the same universal shape function (cf. Fig.3a ) is depicted. Only the absolute size of the contour changes when the jet rises. The rising jet grows at its base due to arrival of new fluid emanating from the small upward acceleration region [4] . In the jet itself the surface tension determines the universal shape of the jet (cf. eq. (4)). This implies that at any moment some fluid needs to be redistributed both axially and radially to maintain that universal jet shape. Clearly this redistribution process will be delayed or hampered at increased viscosity values of the fluid as will be discussed below Fig.3a .
In order to derive the equations of motion a mathematical tool is used. The jet is subdivided into a sum of hollow cylinders, each cylinder experiencing a downward gravitational force and a downward surface tension force originating from the curved surface ΔA directly above that cylinder. Each hollow cylinder has an infinitesimal small thickness ΔR, of which one, with height h is shown in Fig. 2 . At height h the outer radius of the hollow cylinder matches with the radius R(h) of the jet. Each hollow cylinder experiences a gravitational force with value m cyl g, with m cyl the mass of one cylinder with height h. The cylinder contacting the jet surface also experiences the surface tension at height h, as drawn in Fig. 2 (inset). The resulting acceleration will be a sum of two downward terms, gravity and surface tension, and is given by:
which defines d(t). In order to estimate the resulting force, consider a small circular curved surface element ΔA (inset Fig.2 ) with a mean radius of curvature R c , which will be discussed briefly following eq.(5). Surface tension induces a Laplace pressure difference with value P Lapl =2γ/R c (h) between both sides of the curved surface. The curved surface with area ΔA will exert an inward directed force with value P Lapl ΔA. If one projects this force on the (horizontal) top plane of the hollow cylinder with surface area 2πRΔR one finds that the downward force acting on the cylinder becomes P Lapl ΔAcosα. Therefore:
Using m cyl = ρ 2πRΔR h and ΔAcosα=2πRΔR one gets
At any time t a specific time dependent value for the total deceleration a(t) of the jet holds. Equation of motion (3) can be simplified by using d(t)=a(t)-g. It will be shown that the shape of the jet is determined by d(t) only. Therefore we call d(t) the shape parameter, a parameter that quantitatively determines the absolute contour of the jet. The time dependent equation of motion for a rising liquid jet thus reads:
In deriving this equation it was assumed that viscosity between the hollow cylinders can be neglected and that all hollow cylinders experience the same deceleration a. No assumption about velocities inside the jet were made.
Equation (4) 
Note that for a surface the mean curvature, which determines the Laplace pressure, should be written as a sum of two curvature terms 1/R The fully concave solution of Eq. (5) is plotted in Fig.3a . In order to make this dimensionless solution dimensionfull one has to multiply both the horizontal and the vertical coordinates, respectively h * and R *, with the same factor λc. This explains why the shapes of all jets of all liquids are the same. In the course of time the shape remains the same while the size increases.
In Table S1 dimensionless numerical values for the shape function R* and h* are listed. The dimensionless value for the radius at the base is R * base ≡ R*(h*=0) =1.39 and at this point the mean curvature 1/R * c (0) is zero. Concave jet shapes are often described in the literature [4, 10, 16, 17, 18] without deriving the shape from the deceleration of the jet. In Fig.3b-d we show three of these jet shapes which resemble the shapes of Fig 1a. In all cases the values of the shape parameter d follow from the fitting procedure.
The first step in the procedure is to use the fact that at the base (h=0) of the jet R base ≡1.39 λ c . This gives a first estimate of the capillary length λ c . Next enlarge the experimental photographs until individual pixels become visible; find the conversion factor between pixels and millimeters. Put down, by hand, the coordinates of the pixels of the interface between fluid and air.
Next use table S1 for the dimensionless graph and the conversion factor to find the dimensionfull graph for the first estimate of λ c . Next try several values of the capillary length λ c around the first estimate to find the closest value that matches with the pixels. For that value a relative fit error for the radius R is obtained by comparing the difference of the radius R according to the experimental contour of the jet and of the theoretically obtained shape function using the formula
. Typically the averaged error in ∆R/R is found to be 5-12% in Fig.1a, 10-15% in Fig. 3b,c,d , and 7-10% in Fig.4a . The relative fit error ∆d/d is estimated as about 1.5 times the value found for ∆R/R. In this way d and error bars ∆d/d as depicted in Fig 1c and 4c were found. We submit that the agreement between the deceleration found from fitting the shape and directly from the deceleration of the tip strongly supports the validity of our model.
In Fig.3b a jet is depicted, that is formed by the collapse of a singularity of a glycerol/water mixture (cf. Fig. 1 of ref. [16] ). A tall standing wave is generated in a tank producing a deep depression/cavity, which subsequently collapses. We find a jet shape parameter d=4.2±0.3 m/s 2 . Unfortunately no height plot H(t) in time is available to calculate a(t)= − 2 ( )/ 2 ) and to derive a second, and independent estimate for d(t)= a(t)-g. Note however that the shape function fits very well up to the tip of the jet (∆R/R≤5%). The glycerol/water mixture used has a viscosity of 19.4 mPa.s; the model may therefore also apply to fluids more viscous than water. The internal redistribution of fluid within the jet to maintain its universal shape will however be hampered when the viscous time τ visc ~η l/γ to redistribute fluid over a typical length l becomes too large. We observed that up to a viscosity of 50 mPa.s glycerol jets are still being formed and shaped according to Fig.3a after drop impact. The viscous time scale τ visc for a typical radial or axial length l of a few millimetres increases then to a few milliseconds, which is still small with respect to the time for the jet to rise to its apex (typical 2 cm in 50 ms).
In Fig.3c a low velocity jet (obtained after drop impact) is depicted, taken from Fig. 2e of ref. [17] . By fitting the shape of the jet by the blue dotted line one obtains the numerical solution for R(h) with a shape parameter d=21±5 m/s 2 . From the tip velocity plot as obtained from Fig. 2 ) of ref. [17] a corresponding jet tip deceleration can be derived with a value of a = 38±5 m/s 2 . This leads to d=a-g=28 ±5 m/s 2 ; this match in d values within error margins again supports the model.
In Fig. 3d a high velocity water jet from Fig.3a of ref. [18] is depicted and fitted. Here a high energy laser pulse is used to create a vapour bubble, that subsequently generates a high velocity microjet (>10 m/s) with corresponding high Weber number (We>1000). We find here a shape parameter d of about 3,950 m/s 2 . This corresponds to R base ≈200 µm, which agrees with Fig.3d . A time plot of the velocity of the tip is presented in Fig. 3 of ref. [19] from which a deceleration can be derived with a value of about 5,000 m/s 2 . This suggests that within a margin of 20% the model may also be applicable to high Weber number microjets.
It may be worthwhile to note that both Figs.3b and 3d, in contrast to Figs.1a and 3c depict rising jets without a visible jet tip region (where surface tension and breakup effects dominate with Rayleigh-Plateau instabilities). In a recent study [7] it is concluded that jet tip breakup is suppressed for Ohnesorge numbers larger than 0.091, regardless of the Weber number. A jet without a clear jet tip region that completely resembles the concave shape function, such as depicted in Figs.3b and 3d , will possibly fulfill these conditions [7] . FIG 4 . A glass tube is falling and at impact on a rigid floor a concentrated jet is formed, ref. [20] . (a), The interval separating each snapshot is 5.5ms. Blue dotted lines correspond to the universal shape function (Fig.3a) with γ=72.8 mN/m, ρ=1000 kg/m 3 . Tube diameter is 3 cm. (b), Enlargement of the last snapshot of Fig.4a. (c) , Deceleration a(t) of the jet obtained from the second time derivative of the time plot of H (black dots), and obtained by fitting the universal shape function to the snapshots yielding for each jet a specific value for d(t) in m/s 2 according to a(t)=d(t)+g (blue diamonds).
In the examples discussed so far the dimensions of the bath forming the jets were large with respect to the jet.
It is interesting to investigate whether the model may apply to other experimental setups. Therefore we studied in Fig.4 a series of photos made when a glass tube filled with water falls on a rigid floor [20] . When the tube hits the floor the hollow meniscus will flatten and the suddenly downward moving fluid at the glass edge will generate a fast rising jet in the centre of the tube with an initial velocity of ≈8m/s. The tube itself will recoil due to a partial elastic collision with the floor and has a much slower initial velocity(≈1.5m/s).
In Fig.4a 9 snapshots are depicted of the rising jets together with a blue dotted fit to the universal shape function (cf. Fig.3a) . The averaged fit error ∆R/R is 7-10% for the last 8 snapshots. Fig.4b shows a magnification of the last snapshot at 52.7 ms after the impact on the floor; the value for the derived deceleration d is The fact, that the dimensionless shape of the jet, depicted in Fig. 3a , is independent of density and surface tension of the liquid and of the time of the measurement, leads to an interesting scaling phenomenon; from R base =1.39λ c (t) and λ c (t)≡√(γ/ρd(t)) it follows that the deceleration at any moment scales with the square of the radius of the jet base. This means that a smaller deceleration always corresponds to a larger base. Further the volume and mass of the jet scale cubic with the dimensionfull generalized capillary length λ c and thus with R base . This means that a larger base always corresponds with a larger mass. These scaling laws apply independent of the liquid and hold for any time.
Finally we note that for a rising jet gravity and surface tension operate in the same direction, downwards. For a pending liquid thread, or honey slowly dripping from a spoon, the surface tension operates up and gravity down, while the acceleration is zero. Consequently equation (4) will apply with a=0 and d=g. The corresponding radius at the jet base would be R base ≡ 1.39 λ c = 1.39√(γ/ρg).
We conclude that the simple model, using only gravity and surface tension as physical forces works quite well for a variety of jets. The model may also be relevant for other applications wherein inertial acceleration and interfacial effects occur simultaneously, such as tail evolution of inkjet drops [22, 23] , solid nanojets formed with pulsed laser deposition [24] , and free-surface singular jet phenomena [21] .
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TABLE S1.
Numerically obtained dimensionless values for h, R, R", 2/R c , 1/R 1 and 1/R 2 for concave solution Fig.3a of equation (4) . The dimensionless volume of the jet is .
